Finite element analysis of discrete edge dislocations: configurational forces and conserved integrals by Konstantinos Baxevanakis (3846046) & A.E. Giannakopoulos (7206476)
 
 
1 
 
Finite element analysis of discrete edge dislocations: 
Configurational forces and conserved integrals 
K.P. Baxevanakis1* and A.E. Giannakopoulos2 
 
1Mechanics Division, National Technical University of Athens, 
Zographou GR-15773, Greece 
2Laboratory of Strength of Materials and Micromechanics, University of Thessaly, 
Volos GR-38334, Greece 
 
Abstract: We present a finite element description of Volterra dislocations using a thermal analogue 
and the integral representation of dislocations through stresses in the context of linear elasticity. 
Several analytical results are fully recovered for two dimensional edge dislocations. The full fields are 
reproduced for edge dislocations in isotropic and anisotropic bodies and for different configurations. 
Problems with dislocations in infinite medium, near free surfaces or bimaterial interfaces are studied. 
The efficiency of the proposed method is examined in more complex problems such as interactions of 
dislocations with inclusions and cracks and multiple dislocation problems. The configurational (Peach-
Koehler) force of the dislocations is calculated numerically based on energy considerations (Parks 
method). Some important integral conservation laws of elastostatics are considered and the connection 
between the material forces and the conserved integrals (J and M) is presented. The variable core 
model of Lubarda and Markenscoff is introduced to model the dislocation core area that is 
indeterminate by the classical theory. 
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1. Introduction 
 
The mechanics of dislocations is a prominent subject of linear elasticity. The understanding of 
dislocation motion mechanisms is essential in theories of plasticity, fatigue and fracture. Dislocations 
are also important in nano-indentation applications, strength of nano-composites and micro-electro-
mechanical devices. Through the years, a range of relatively simple problems has been studied 
analytically, whereas complex geometries as well as anisotropy introduce substantial difficulties to the 
problem. 
In the past two decades there have been several attempts to simulate dislocations numerically 
(Amodeo and Ghoniem, 1990; Kubin and Canova, 1992; van der Giessen and Needleman, 1995; Zbib 
et al., 1998). Most of these simulation methods rely on employing the analytical infinite-domain 
solution of the dislocation fields, or the Peach-Koehler force, instead of using solely numerical 
techniques. This approach leads to the need to determine correction stresses (image stresses) to satisfy 
the boundary conditions. The problem is then solved by standard numerical techniques such as the 
finite element method. However, the extension of these methods to complex geometries or anisotropic 
crystals is difficult since they are based on analytical expressions that are valid for isotropic bodies. A 
method is therefore desirable which does not depend on analytical solutions, does not require the 
computation of image stresses nor uses superposition. Other approaches were given by Wang et al. 
(2001), Xiang et al. (2003), Lemarchand et al. (2001), O’Day and Curtin (2004, 2005), Bulatov and 
Cai (2006), and Gracie et al. (2007). 
On the other hand, there are numerous atomistic calculations studies in the literature, which are 
still not in regular engineering use. The scale of most engineering problems rules out purely atomistic 
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models and attempts have been made to be included in finite element methodologies (see e.g. Tadmor 
et al., 1996). 
In the present study, we extend the methodology of Giannakopoulos et al. (2007) for the 
implementation of edge dislocations in ordinary two dimensional finite elements. The finite element 
description is achieved using a thermal analogue and the integral representation of dislocations 
through stresses in the context of linear elasticity. In this work, we use the conserved integrals J and 
M to calculate the material (also known as configurational or Peach-Koehler) force of the dislocation. 
Besides, we implement a variable core dislocation model as presented by Lubarda and Markenscoff 
(2007), to enrich the core region and eliminate the stress singularity. A detailed description of the core 
model is given herein while more applications will be provided in a subsequent work. The accuracy of 
the method is examined in problems with complex geometries, anisotropic crystals and dipoles of 
dislocations. 
The structure of the paper is as follows. Firstly, we give a brief account of the thermal analogue 
for two dimensional edge dislocations. Then, we consider some important integral conservation laws of 
elastostatics and present the connection between the conserved integrals and the material force. We 
complete the methodology section with the description and implementation of a variable core 
dislocation model. The remaining of the paper consists of various applications in order to check the 
known analytic results and supplement them with new results in cases of material anisotropy. 
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2. Methodology 
2.1. The thermal analogue for two dimensional edge dislocations 
 
We consider an elastic solid under plane strain ( )0zz zy zx zy zxe e e s s= = = = = . In the absence of 
body forces, the contents of the stress tensor ijs  must obey the equilibrium conditions which in 
Cartesian coordinates ( ), ,x y z  are written as 
 
0yxxx
x y
ss ¶¶ + =¶ ¶      and     0 .
xy yy
x y
s s¶ ¶+ =¶ ¶   (1) 
 
The components of the linear strain tensor 
ij
e  must meet the local compatibility condition 
 
2 2 2
2 2
2 0 .yy xy xx
x yx y
e e e¶ ¶ ¶- + =¶ ¶¶ ¶   (2) 
 
In order to satisfy Eq. (1), we consider an Airy stress function ( ),x yF . The stresses are then 
expressed as 
 
2 2 2
2 2
, , .
xx yy xy x yy x
s s s¶ F ¶ F ¶ F= = =-¶ ¶¶ ¶   (3) 
 
In a simply connected region, the local compatibility condition is necessary so as to have continuous 
displacements if the strain components are given. However, if the domain is multiply connected, 
additional global compatibility conditions in the form of line integrals must be imported (Michell, 
1899). In Fig. 1, the two types of edge dislocations as proposed by Volterra (1907) are shown, where 
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the quantities 
x
b  and 
y
b  are the components of the Burgers vector. For a closed contour enclosing a 
Volterra dislocation, the global compatibility conditions are 
 
0
z
dw =ò , where 12 y xz
u u
x y
w
æ ö¶ ¶ ÷ç ÷ç= - ÷ç ÷ç ¶ ¶ ÷è ø
 is the material rotation, (4) 
 
x x
du b=ò    and   y ydu b=ò  .  (5) 
 
Eq. (4) is necessary so as not to have any wedge disclination (Somigliana type of dislocation). 
The relations between the strains and the displacements are 
 
1
, , .
2
y yx x
xx yy xy
u uu u
x y y x
e e e
æ ö¶ ¶¶ ¶ ÷ç ÷ç= = = + ÷ç ÷ç¶ ¶ ¶ ¶ ÷è ø
  (6) 
 
Utilizing Eq. (6), Eq. (4) can be written in terms of strain components as 
 
0xy yy xyxx dx dy
x y x y
e e eeé ùæ ö æ ö¶ ¶ ¶¶ ÷ ÷ç çê ú÷ ÷ç ç- + - =÷ ÷ê úç ç÷ ÷ç ç¶ ¶ ¶ ¶÷ ÷ê úè ø è øë û
óôôõ  . (7) 
 
 
 
 
Fig. 1: Volterra edge dislocations and the corresponding contours surrounding them. 
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Further, using Eqs. (2), (5), (6) and (7), the Burgers vector components take the following form 
 
2 ,
2 .
yy xyxx xx xx
x
xy yy yy yyxx
y
b x dx dy y dx dy
x y x y y
b x dx dy y dx dy
x y x x y
e ee e e
e e e ee
é ùæ öæ ö ¶ ¶¶ ¶ ¶ ÷ç÷ ê úç ÷÷ ç= - + - - -ç ÷÷ ê úçç ÷÷ çç ¶ ¶ ¶ ¶ ¶ ÷è ø ê úè øë ûé ùæ ö æ ö¶ ¶ ¶ ¶¶ ÷ ÷ç çê ú÷ ÷ç ç= - - + - +÷ ÷ê úç ç÷ ÷ç ç¶ ¶ ¶ ¶ ¶÷ ÷ê úè ø è øë û
óó ôô ôõ õ
ó óô ôô ôõõ
 
 
 (8) 
 
The following conditions hold true for the perpendicular and tangent vectors of the closed contours 
(Fig. 1) 
 
T T
, ,      , ,
dy dx dx dy
ds ds ds ds
ì ü ì üï ï ï ïï ï ï ï= - =í ý í ýï ï ï ïï ï ï ïî þ î þ
n s  (9) 
 
,       ds dy dx ds dx dy
n x y s x y
¶ ¶ ¶ ¶ ¶ ¶= - = +¶ ¶ ¶ ¶ ¶ ¶  . (10) 
 
We now consider an anisotropic thermoelastic medium with cubic symmetry along the x  and y  
direction. In this case, only three elastic constants are independent ( )11 12 44, ,c c c . In the absence of any 
temperature distribution, the stresses relate to the strains through the following general expression 
 
{ } { } { }
6 6ij ijkl kl
cs e
´
=  .                                     (11) 
 
In the presence of a temperature distribution ( ),x yq , the constitutive relations between the strains 
and the stresses are 
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( ) ( )
( ) ( )
1 1
1 , ,
2
1
1 ,
xx xx xx yy x xy xy
yy yy xx yy y
E
E
ne s n s s a n q e sm
ne s n s s a n q
+ é ù= - + + + =ê úë û
+ é ù= - + + +ê úë û
  (12) 
 
where 
x
a  and 
y
a  are the thermal expansion coefficients in the x and y direction respectively. 
The three independent material parameters of the problem can be also written as 
 
( )( )11 12 11 12 12
44
11 12 11 12
3
, , .
2 2
c c c c c
E c
c c c c
n m- += = =+ +   (13) 
 
In Table 1, the elastic constants of the crystals used in this work are given where 
44 12 11
2H c c c= + -  
is the anisotropy factor and ( )44 11 122A c c c= -  is the anisotropy ratio. 
 
Table 1: Elastic constants of chromium, copper and tungsten (Hirth and Lothe, 1982). 
Crystal c11 (1010 Pa) 
c12 
(1010 Pa) 
c44 
(1010 Pa)
H 
(1010 Pa) A 
μ 
(1010 Pa) 
Ε 
(1010 Pa) 
ν 
Cr 35.00 5.78 10.10 -9.02 0.69 10.10 32.85 0.124 
Cu 16.84 12.14 7.54 10.38 3.21 7.54 6.09 0.295
W 52.10 20.10 16.00 0.00 1.00 16.00 38.97 0.218 
 
Then, we express Michell Eqs. (8) and the compatibility Eq. (2) in terms of stresses noting that 
the quantities 
xx
x s , 
xy
y s , 
xx
y s  and 
xy
x s  are continuous 
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( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )
2
2
1
1
1 2 11
,
1
1
xx yy xx yy
x x y
xy x yy y xy
xx yy xx yy
y x y
b x y ds x y ds
s n E s n
n n ds dy
E E
b x y ds x y
n s E n s
n s s s sq qn a a
n ns s sm
n s s s sq qn a a
é ù- ¶ + ¶ +æ ö¶ ¶ ê ú÷ç ÷= + - + -ç ê ú÷ç ÷ç ¶ ¶ ¶ ¶è ø ê úë ûé ù+ +ê ú- + + -ê úê úë û
- ¶ + ¶ +æ ö¶ ¶ ÷ç ÷= + + + +ç ÷ç ÷ç ¶ ¶ ¶ ¶è ø
óó ôô ôõ õ
óôõ
ò ò
 
 

( ) ( ) ( )1 2 11 ,xx x xy y xy
ds
n n ds dx
E E
n ns s sm
é ùê úê úê úë ûé ù+ +ê ú+ + - -ê úê úë û
óôôõ
ò ò

 
  (14) 
 
( ) ( ) ( )2 4 4 4 4 2 24 4 2 2 2 2 2 21 2 112 1 .x yE Ex y x y x y x y
n n q qn a am
é ùæ ö æ ö- +¶ F ¶ F ¶ F ¶ F ¶ ¶÷ ê ú ÷ç ç÷ ÷+ + + - =- + +ç çê ú÷ ÷ç ç÷ ÷ç ç¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶è ø è øê úë û
 (15) 
 
 
Accordingly, from the continuity of stresses and the overall equilibrium of the tractions at the 
contours, it can be derived that 
 
( )( )
( )2
1
0 , 0 , .
2 11
x y
xy xy xx yy
dy dx
E
a a n qs s s sn n
m
+ += =  F =- = ++-
ò ò    (16) 
 
( ) ( )0 ,      0 .xy x yy y xx x xy yn n ds n n dss s s s+ = + =ò ò   (17) 
 
We now assume a steady state thermal distribution in order to avoid disclinations 
 
2 2
2 2
0
x yx y
a a qæ ö¶ ¶ ÷ç ÷+ =ç ÷ç ÷ç ¶ ¶è ø  .  (18) 
 
Then, Eqs. (2) and (7) hold true and Michell Eqs. (14) take the following form  
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( ) ( )1 , 1 .x y x y y xb y x ds b y x dsn s s n
q q q qn a a n a aæ ö æ ö¶ ¶ ¶ ¶÷ ÷ç ç= - + - = + +÷ ÷ç ç÷ ÷÷ ÷ç ç¶ ¶ ¶ ¶è ø è ø
ó óô ôõ õ    (19) 
 
We now have to find a thermal distribution that satisfies Eqs. (18) and (19). As an example, we select 
the following distribution for xb  and yb  edge dislocations respectively, in an orthogonal mesh, where 
x
h  and 
y
h  is the element size in the x and y directions (Fig. 2): 
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Fig. 2: Thermal distribution example for the implementation of edge dislocations to finite elements. 
 
The selected thermal distribution when inserted in Eq. (19) gives 
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(1 ) ,       (1 )
x x x y y y
b T h b T hn a n a= + D =- + D  . (21) 
 
The above expressions enable the implementation of edge dislocations into finite element code. 
Turning to the finite element method, we can discretize the space around the dislocation by a uniform 
distribution of element size h. We assume linear thermoelastic response and assign a temperature 
distribution on the strips of nodes as in Fig. 2, imposing the following restrictions on the thermal 
coefficient components 
 
,    ,    0,    0 ,
(1 )
,    ,    0,    0 .
(1 )
x
x y z
x x
y
y x z
y y
b
T
h
b
T
h
a a a an a
a a a an a
D = = = =+
D =- = = =+
 (22) 
 
It should be noted that the thermal coefficients are not the physical ones and only take apparent 
values that are suitable for computations, since there is no actual temperature field in the problem. 
Besides, the above values of temperature have to be modified depending on the element type used, in 
order to account for the numerical integration of Eq. (19). For instance, if 4-noded elements are to be 
used (as in the present work), then the above values have to be multiplied by a factor of 1 0.57735 . 
The procedure described above is straightforward and the problem is solved in one load step. Further, 
although it is currently limited to edge dislocations it can be readily extended to study screw 
dislocations as well.  
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2.2. Conserved integrals connection to configurational forces 
 
The objective of any approach to simulate dislocations numerically is the prediction of the elastic 
fields around them and the estimation of the material forces exerted on them in order to give answers 
to strength issues and/or to predict their motion. The well-known Peach-Koehler (Peach and Koehler, 
1950) force (per unit dislocation length) can be expressed in terms of stresses as 
 
k ijk i j
F be x s=-    ,  (23) 
 
where 
ijk
e  is the alternating tensor and 
i
x  is the direction of the dislocation line. For the present 
problems 0,  1
x y z
x x x= = =  and so 
 
,       ,       0
x yx x yy y y xx x xy y z
F b b F b b Fs s s s= + =- - =  . (24) 
 
However, the computations of the stresses may not be very accurate in the presence of singularities. 
In a more rigorous definition, the self-force of a dislocation can be expressed as the gradient of the 
strain energy U  with respect to the dislocation position ( )ic , that is 
 
i i
F U c=-¶ ¶  .  (25) 
 
This representation is readily implemented in our methodology. The calculation of the force 
components ( ),x yF F  is based on the energy released by a small advancement of the dislocation in the 
x and y direction respectively (moved by one element distance apart) 
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,       new initial new initial
x y
x y
U U U UU U
F F
x h y h
- -¶ ¶= - = - =- =-¶ ¶  , (26) 
 
where 
new
U  and 
initial
U  is the strain energy in the initial and the new location of the dislocation.  
The above procedure resembles the technique of Parks (1974) about the determination of the elastic 
crack tip stress intensity factors. This approach, although very accurate, has an evident limitation: it 
dictates that the problem should be solved at least twice. This raises the computational cost and 
might become a serious obstacle for dynamic problems. 
Eshelby (1951) has associated the material force with the conserved J integral. The J integral is 
associated with the energy release rate due to a translation of the reference configuration of a defect 
and is commonly used in fracture mechanics. 
Consider an edge dislocation ( ),x yb b=b surrounded by a closed contour C as shown in Fig. 3. The J 
integral is defined in the reference configuration as 
 
( ),i i j jk k i
C
J W n n u dss= -ò  ,  (27) 
 
where n  is the outer unit normal to the closed contour C, ( )W W= u is the elastic strain energy 
density per unit volume of an unstressed reference configuration, ( )u x  is the displacement at the 
reference configuration and 
,ij j i
W us = ¶ ¶  is the first Piola stress tensor. In the present linear 
elastic formulation, 
ij
s  is the Cauchy stress tensor and ( )1 2
2 xx xx yy yy xy xy
W s e s e s e= + + . 
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Fig. 3: Reference configuration for the definition of J integral. 
 
 
Then, Eq. (25) can be written as 
 
i i i
F U c J=-¶ ¶ =  .  (28) 
 
It is obvious that the two components of the J integral coincide with the two components of the 
Peach-Koehler force (see also Ni and Markenscoff, 2008). The J integral is included in many 
commercial finite element codes or can be readily implemented. This calculation strategy has two 
advantages over the calculation based on the energy release rate, Eq. (25): a) the configurational force 
results can be obtained by solving the problem once and b) the definition can be extended to study 
problems with nonlinear materials or large deformations (Batra, 1987). We also note that the J 
integral is path independent for translationally homogeneous materials. If the closed contour surrounds 
a homogeneous defect-free material, 0
i
J =  and so 0
i
F =  as expected.  
We now consider another path-independent integral of linear elastostatics, the M integral which 
was discovered independently by Günther (1962), and Knowles and Sternberg (1972). The M integral 
h
by
y
x
bx
cx
cy
r
b
θ
C
O
n
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is a material moment associated with the energy release rate due to a self-similar expansion of the 
defect. It is defined as 
 
( ),O i i j jk k i
C
M x W n n u dss= -ò  ,  (29) 
 
where the subscript of M denotes the choice of the point of reference of the closed contour C around 
this point. For instance, if the integral is evaluated on a closed contour C, first with origin at 
P
x  and 
then at 
Q
x  (P and Q two different points of the configuration), then 
 
( )P Q Q P iiM M x x J= + -  ,  (30) 
 
where the repeated index i implies summation from 1 to 2 (or x to y). 
When C surrounds no singularity or defect in a homogeneous simply connected region, 0
O
M = . 
Freund (1978) used this conservation law to calculate stress intensity factors for elastic crack problems 
and proposed a ‘slender-box’ path for the contour C, that is, a rectangular shaped contour with 
vanishing ‘height’ along the y-direction. 
Inspired by Freund, such a closed contour can be used to calculate the M integral for an edge 
dislocation. We consider an edge dislocation ( ), 0xb=b  surrounded by a closed contour as shown in 
Fig. 4.  
Selecting as point of reference the origin of the coordinate system, the expression for the M integral, 
Eq. (29), can be written 
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( ) ( ), , , ,
, , , ,
.
O x x x y y x x x x y y x
yx x x yy y x yx x x yy y x
M T u T u dx T u T u dx
u u x dx u u x dx
e e
e e
e e
e e
s s s s
-
-
-
-
= - - + - - =
é ù é ù= + + +ê ú ê úë û ë û
ò ò
ò ò
 (31) 
 
 
The elastic fields’ expressions in the context of isotropic elasticity are (Hirth and Lothe, 1982) 
 
( ) ( )
( )
( ) ( ) ( )
( )
( )
( ) ( )( )
2 2 2 2
2 2
2 2 2 2
1
2 2
, ,       , ,
2 1 2 1
, tan .
2 2 1
xy yy
x
x x y y x yb b
x y x y
x y x y
b y xy
u x y
x x y
m ms sp n p n
p n
-
- -= =-- -+ +
é ùæ öê ú÷ç ÷= +çê ú÷ç ÷çê úè ø - +ê úë û
 (32) 
 
 
 
 
 
Fig. 4: Reference configuration for the calculation of M integral for an edge dislocation ( ), 0xb=b . 
For the given configuration, we have the exact results 
 
( ) ( ) ( ) ( )
( )1
,
tan1
, 0 ,       , 0 0 ,       ,
2 1 2xy yy x x
y xb b
x x u x y
x x
ms sp n p
-¶= = =- ¶  . (33) 
 
The calculation of the integrals of Eq. (31) gives the 
O
M  in closed form 
 
( )
2
4 1O
b
M
m
p n= -  .  (34) 
x
bx
O
y
-ε ε
Τy
Τx
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The same expression was derived by Asaro and Lubarda (2006) by using a polar coordinate system. 
The M integral calculation is not included in commercial finite element codes. Using this simple 
concept we created a suitable contour of two lines above and below the dislocation as close as one 
element length apart and calculated the M integral numerically. The numerical values of the 
quantities included in the integrals of Eq. (31) are extrapolated on a strip of nodes of width 2e  along 
the x  axis (Fig. 4). 
In the isotropic case of tungsten (see Table 1), we calculate the theoretical value of 
2 10
,
1.628 10
theor W
M b N= ´ . We calculate the numerical value for various strip widths and obtain a 
convergent value of 2 10
,
1.642 10
numW
M b N= ´ . In Fig. 5 we plot the calculated values for various 
node strip widths. 
The calculation of the M integral is another way to assess the convergence of our finite element 
method. This methodology can be applied to calculate the M integral in anisotropic crystals where it 
is difficult to obtain closed form expressions. The limitation is that this methodology is confined to 
linear elasticity (the J integrals do not have this limitation).  
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Fig. 5: M integral calculation for an edge dislocation ( ), 0xb=b and various strip widths ( )2e . 
 
 
Rice (1985) linked the M integral with the positive definite symmetric prelogarithmic energy factor 
tensor
ij
K . The stress field for an edge dislocation ( ),x yb b=b  in an anisotropic solid under plane 
strain can be written in polar coordinates ( ),r q  (Fig. 3) as 
 
( )( ) ( ),ij ij ijD r x ys q s= +  ,  (35) 
 
where ( )ijD rq  is the self-stress part and ( ),ij x ys  counts for the non-singular result of applied 
loadings and image effects. If ( )sin , cosq q= -h  is the unit vector in the direction of increasing q , 
the following expression stands true 
 
( ) ( ) 2i ij ji ih D K bq q = ,  (36) 
 
where 
ij
K  is the prelogarithmic energy factor tensor.  
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The prelogarithmic energy factor derives its name from the expression for the strain energy per unit 
length in the z  direction of a dislocated body with core radius 
0
r  and outer dimension R  
 
0
0
ln  terms which 0 as 0
ij i j
R
U K bb r
r
= +   . (37) 
 
The result of Rice is that the M integral is actually the dislocation energy factor, that is 
 
o ij i j
M K bb=  .  (38) 
 
In view of this connection, Eqs. (34) and (38), and the definition of the Peach-Koehler force in terms 
of stresses, Eq. (23), the methodology for the calculation of the M integral can be used to evaluate the 
configurational force. In Section 3.1 we give an example of this connection. 
 
 
2.3. Variable core model for edge dislocations 
 
The elastic fields for a single edge dislocation in classical elasticity break down at distances near the 
dislocation core and lead to 1r-  singularities. Such stress singularities result in logarithmic 
singularities for the total strain energy. This indicates that the usual energy convergence that is often 
involved in FEM analysis cannot be used in this case. We can however propose the M integral as a 
convergence criterion (as we have shown in Section 2.2). Generally, atomistic simulations are used to 
model the phenomena near the dislocation core, e.g. Tadmor et al. (1996). 
In the context of classical linear elasticity, Lubarda and Markenscoff (2007) have presented a 
variable core model (or disclinated dislocation model) that eliminates the stress singularity at the core. 
This is accomplished assuming that the displacement discontinuity b is achieved gradually over some 
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distancer . The dislocation is then modelled as a doublet of two wedge disclinations before the limit 
between them is taken to zero. For an edge dislocation ( ), 0xb=b , the simplest displacement 
distribution is a linear increase along the positive y-axis, as shown in Fig. 6. In a more general context 
any nonlinear increase of the displacement discontinuity may be also interesting. In dislocation theory, 
this variable displacement discontinuity represents a Somigliana dislocation.  
The corresponding shear stress for the variable core edge dislocation along the x-axis is 
 
( ) ( ) 2 2, 0 2 1 xxy
b x
x
x
ms rp n= +-  .  (39) 
 
This expression eliminates the classical 1r-  singularity at the core and produces finite results 
everywhere. Away from the core it has a physically anticipated behaviour reproducing the Volterra 
dislocation. The shear stress is zero at the core, maximum at x r=   and diminishes again to zero as
x  ¥ . The displacement discontinuity along the x-axis is given by the expression 
 
( ) 1tanb xxd p r-
æ ö÷ç ÷= ç ÷ç ÷çè ø .  (40) 
 
From Eq. (40), the length r  can be defined, in terms of displacements, as the distance from the centre 
of the dislocation to the point that the slip discontinuity is ( ) 4bd r = , while the maximum slip 
discontinuity infinitely far from the centre of the dislocation is 
max
2bd = . 
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Fig. 6: An edge dislocation of constant displacement distribution and a disclinated dislocation produced by a 
linear increase of displacement along the positive y-axis over some distancer . 
 
 
The variable core model can be easily incorporated in our methodology by selecting a suitable 
thermal distribution (Fig. 7). For the linearly increasing variable core, such a distribution could be the 
following 
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The above described distribution produces a dislocation array of increasing width in the region 
0 y r£ £  and 0x = . 
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Fig. 7: Thermal distribution example for the implementation of a variable core edge dislocation to finite 
elements ( ( )H x  is the Heaviside step function). 
 
In Fig.8 the shear stress distribution along the x-axis is given for an edge dislocation with 
different variable core widths in an isotropic infinite medium. The analytical expression of Eq. (39) is 
denoted by the continuous line and the numerical prediction by the symbols. The results are in good 
accordance with the theoretical expressions of Lubarda and Markenscoff (2007) and the maximum 
stress values are verified. It should be mentioned that dislocations in softer metals are characterized 
by a broader dislocation width, according to experimental evidence (see e.g. Vitek, 1992). 
The variable core model produces a bounded expression for the dislocation strain energy while 
the corresponding expressions for the Peierls stress and the displacement distribution in the dislocated 
lattice can be successfully compared to the Peierls-Nabarro model and atomistic simulations 
respectively. We investigate the incorporation of the variable core concept in various geometries in a 
subsequent paper. 
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Fig. 8: Comparison of the shear stress variation predicted by our methodology to the analytical solution for an 
edge dislocation with a variable core 1.0
x
br = . The analysis refers to the data of tungsten. 
 
3. Applications 
 
In this section we explore the accuracy of our methodology by solving applications where the 
analytical solutions are available in the literature. In some cases the analytical solutions were checked 
(or even corrected) and we contribute with new results where appropriate. The selected applications 
opt to demonstrate the applicability of our method in different situations involving complex 
geometries, anisotropy, inhomogeneities and dislocation dipoles. 
 
 
3.1. Interaction between a semi-infinite crack and an edge dislocation 
 
The interaction between a semi-infinite crack and an edge dislocation is a fundamental problem of 
fracture mechanics, since the material behaviour at the crack tip governs all metal fracture theories 
and gives answers to strength issues. Atkinson (1966) has presented the elastic fields around the 
dislocation and the crack in a context of general anisotropy. Rice and Thomson (1974) proposed an 
energy condition for dislocation emission from a crack tip discussing the consequent way of fracture, 
brittle or ductile. Asaro (1975) obtained the interaction force solution in an anisotropic solid. 
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Thomson (1978) and Weertman (1978) introduced the idea of a dislocation shielded crack and the 
concept of the dislocation free zone. Emitted dislocations are known to reduce the stress field in the 
vicinity of the crack tip and hence the local stress intensity factor. The emitted dislocation is expected 
to glide away from the crack tip until the interaction force is balanced by the lattice friction force and 
the dislocation comes to rest. The distance between the crack tip and the point that the dislocation 
comes to rest is the dislocation free zone. Majumdar and Burns (1981) studied the interaction between 
a crack and dislocations in several configurations. Lin and Thomson (1986) derived the elastic 
interactions between a cleavage crack and a dislocation. There are numerous experimental 
observations of these phenomena and we may refer, for example, to Chia and Burns (1984), Kobayashi 
and Ohr (1980, 1981), Michot and George (1986). 
We consider a semi-infinite crack and an edge dislocation of random angle in a distance r from 
the crack tip in a linear elastic isotropic solid. The geometry of the problem is represented in Fig. 9. 
The expression for the radial force (“image force”) between the crack tip and the dislocation is (Rice 
and Thomson, 1974)  
 
( )
2
4 1r
U b
F
r r
m
p n
¶= - = -¶ -  . (42) 
 
where m  is the shear modulus and n  the Poisson’s ratio. 
This expression is exactly the same with the case of an edge dislocation near a free surface with its 
Burgers vector lying parallel to the boundary, where r is the perpendicular distance from the free 
surface. Another observation is that the radial force is independent of the angular position of the 
dislocation. 
Asaro (1975) extended the previous result for an anisotropic elastic medium with the form  
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r
F E r¥= -  ,  (43) 
 
 
 
Fig. 9: Geometry of a semi-infinite crack interacting with an edge dislocation. 
 
 
where E¥ denotes the prelogarithmic energy factor for the dislocation in the infinite matrix in the 
absence of the crack. Then, from Eq. (38) we may write  
 
d ij i j
E M K bb¥ = =   (44) 
 
In the isotropic case, Eq. (44) reduces to Eq. (34) and Eq. (43) to Eq. (42) since 
 
( )11 22 12 214 1 ,       0K K K Km p n= = - = =  . (45) 
 
Turning to the finite element formulation, the ABAQUS general purpose finite element code was 
used and a rectangular domain consisting of about 70,000 4-noded elements was created. In order to 
consider for the crack tip strain singularity 1 2r- , a refined mesh of quadratic elements was created 
around the crack tip. The crack length was practically infinite( )800 b and the average element size
h b= . For certain dislocation positions, the corresponding displacement field becomes unphysical 
since interpenetration of the two crack flanks is observed. Thus, contact modelling should be applied 
θ
r
b
x
y
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to the crack edges to obtain a physically anticipated response. The crack closure is important for 
fatigue issues and has been reported by other authors as well (Loyola de Oliveira and Michot, 1994; 
Riemelmoser and Pippan, 1999; Ju and Oh, 2008). It is observed that the crack remains open due to 
blunting dislocations (dislocations whose slip planes intersect with the crack plane at the tip) whereas 
distant crack closure is expected for wake dislocations (dislocations whose slip planes intersect with the 
crack plane behind the crack tip). The displacement field for an edge dislocation ( )0, yb=b  at a 
distance 10r b=  and an angle 45degq =  from the crack tip in an isotropic material (tungsten) is 
given in Fig. 10, where crack closure is observed at a distance 10 b  from the crack tip. 
We solve the problem for various angular orientations and radial distances and we calculate the 
interaction force at each position using the J integral methodology. The results for the isotropic case 
are illustrated in Fig. 11. The numerical results are in good agreement with the theoretical prediction 
(continuous line) confirming the angular independence of the interaction force. The interaction force is 
always attractive in this problem. It is also noted that the contact modelling does not influence the 
evaluation of the J integral.  
 
 
 
Fig. 10: Displacement field for an edge dislocation ( )0, yb=b  in tungsten at a distance 10r b= and an angle 
45degq =  from the crack tip. 
10 b
x
y
r
by
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Fig. 11: Comparison of the normalized interaction force variation predicted by our methodology to the 
analytical solution for an edge dislocation in tungsten at various angular and radial configurations. 
 
Further, we present (Fig. 12) the shear stress field for an edge dislocation ( ), 0xb=b  at 
0degq =  and an edge dislocation ( )0, yb=b  at 90degq =  for a constant distance 10r b= . As 
expected, the stress fields are seriously altered by the presence of the crack. 
 
      
 
Fig. 12: The normalized shear stress field 
xy
bs  for an edge dislocation ( ), 0xb=b at 0degq =  (left) and 
for an edge dislocation ( )0, yb=b at 90degq =  (right) in tugsten. The isocontours range is 
( )0.10 0.10  Pa m- ¸ and the distance from the crack tip is 10r b= . 
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Next, we investigate the influence of anisotropy on the problem. We solve the problem 
numerically for an edge dislocation ( ), 0xb=b at 0degq =  and various distances r, in copper and 
chromium crystals. An alternative way to calculate the interaction force is using Eqs. (43) and (44), 
and the methodology for the calculation of the M integral discussed in Section 2.2. The numerical 
values of the M integral for the two crystals are 2 10
,
0.671 10
num Cu
M b N= ´  and 
2 10
,
1.265 10
num Cr
M b N= ´ . In Fig. 13 we show the radial force variation for the two anisotropic 
crystals. The prediction using the M integral is denoted by the continuous line as “analytical solution” 
and the results using the numerical J integral are denoted by the square symbols. We observe that 
anisotropy greatly affects the problem as the attractive force is almost 40% higher in chromium than 
in copper. It should be also mentioned that the two paths of calculation produce convergent results. 
The M integral methodology is not only a way to assess the accuracy of the solution but in fact a 
computationally efficient method for anisotropic crystals. The correspondent stress fields (Fig. 14) 
vary significantly from the isotropic case (Fig. 12), both in shape and in magnitude. 
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Fig. 13: Comparison of the normalized interaction force variation predicted by the M integral methodology to 
the numerical results using the J integral for an edge dislocation ( ), 0xb=b at various radial distances from the 
crack tip in copper (left) and chromium (right) crystals. 
 
 
 
            
 
 
Fig. 14: The normalized shear stress field 
xy
bs  for an edge dislocation ( ), 0xb=b  at 0degq =  in copper 
(left) and chromium (right). The isocontours range is ( )0.10 0.10  Pa m- ¸  and the distance from the crack tip 
is 10r b= . 
 
3.2. An edge dislocation near a bimaterial interface 
 
Consider a two-phase material, idealized as two isotropic half spaces with perfect adhesion and an 
edge dislocation at an arbitrary angle and a distance d to the bimaterial interface. The geometry of 
the problem and the material properties, shear moduli and Poisson’s ratios ( )1 1 2 2, , ,m n m n , of the two 
regions are depicted in Fig. 15. This problem was initially treated by Head (1953). Dundurs and 
Sendeckyj (1965) obtained the expression for the configurational force exerted on the dislocation.  
The elastic constants of the problem are reduced by introducing the Dundurs’ parameters 
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( )( ) ( )
( )( ) ( )
( )( ) ( )
( )( ) ( )
2 1 1 2 2 1 1 2
2 1 1 2 2 1 1 2
1 1 1 1
,       
1 1 1 1
m m k k m m k k
a bm m k k m m k k
+ - + - - -
= =+ + + + + +
 , (46) 
 
where 3 4
i i
k n= - . 
The expression of the force as a function of a and b  is (Dundurs, 1969) 
 
( )
( )( )
2 2
1
2
1
1 1y
b
F
d
m a b
p k b
+=- + -  .  (47) 
 
 
 
Fig. 15: Geometry of an edge dislocation near a bimaterial interface. 
 
 
It should be noted that the force has the same expression regardless of the orientation of the Burgers 
vector. The sign of the force is determined by the Dundurs’ parameters. Dundurs (1969) has presented 
the classification of material combinations in the a b-  plane and the corresponding criteria for 
attraction or repulsion.  
We have selected two material combinations ( )0.6, 0.2a b= =  and ( )0.4, 0.2a b=- =-  
which are expected to produce a repulsive and an attractive force respectively, when the dislocation is 
on region I. We also consider two dislocation configurations ( ), 0xb=b and ( )0, yb=b in order to 
y
x
interface
bd
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verify the orientation independence of the force. The regular rectangular mesh used in this problem 
consisted of about 60,000 4-noded elements with no special refinement around the core or in the 
bimaterial region. 
In Fig. 16 we present the results for the two material combinations and the two dislocation 
orientations considered. The positive values of the force represent attraction of the dislocation to the 
interface and the negative repulsion. In all cases, the numerical results are in very good agreement 
with the theoretical prediction and the force signs are verified.  
The stress field expressions of the problem are given by Lubarda (1997). An edge dislocation 
( )0, yb=b  at a distance 15d b=  from the interface for the material combination
( )0.4, 0.2a b=- =-  is considered. In Fig. 17 we compare the normal xxs  and shear xys  stress 
fields reproduced by our methodology to the analytical solution. The left part of each figure 
corresponds to the numerical result and the right to the exact solution. The 
xx
s  stress field exhibits a 
discontinuity across the interface as expected whereas 
xy
s  is continuous throughout the two regions. 
A mismatch is observed in some contours of the shear stress field, which is rapidly eliminated as we 
move away from the interface. Hence, a refined mesh should be applied to improve the accuracy if the 
dislocation is placed close to the interface. 
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Fig. 16: Comparison of the normalized force variation predicted by our methodology to the analytical solution 
for two material combinations and two orientations of the Burgers vector. 
 
 
 
    
 
Fig. 17: The normalized normal 
xx
bs  (left) and shear
xy
bs  (right) stress fields for an edge dislocation
( )0, yb=b  near a bimaterial interface with ( )0.4, 0.2a b= - = - . The isocontours range is 
( )0.50 0.50   Pa/m- ¸  and the distance from the interface 15d b= . The left part of the figures is the 
numerical solution and the right the analytical solution. 
 
Finally, it is trivial to show that Eq. (47) reduces to the expression of the force exerted on an edge 
dislocation near a free surface, if region II is assumed material free. In this case, we have 
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( )1.0, 0.5a b=- =-  and the expression for the force is that of Eq. (42). The other limit situation 
is that of a single dislocation in infinite homogeneous medium ( )0a b= =  and the force vanishes as 
expected. 
 
 
3.3. An edge dislocation near a circular inclusion 
 
The study of the interaction between dislocations and inhomogeneities is essential in understanding 
the behaviour of strengthening or hardening materials. Inclusions such as interstitial atoms, fibres in a 
solid matrix, precipitates or vacancies affect the mechanical properties of materials due to their 
interaction with dislocations.  
In this section the interaction of an edge dislocation of arbitrary angle with a circular inclusion 
is studied. We distinguish two separate isotropic regions in the medium: the matrix that contains the 
dislocation with material properties ( )1 1,m n  and the inclusion ( )1 1,m n  as shown in Fig. 18. The 
radius of the inclusion is denoted by R and the distance from the dislocation to the centre of the 
inclusion by d. 
 
 
 
Fig. 18: Geometry of an edge dislocation near a circular inclusion. 
 
 
b
d
region II
μ ν2 2,
region I
μ ν1 1,
y
R x
 
 
33 
 
This problem was treated by Dundurs and Mura (1964) assuming that the inclusion was perfectly 
bonded with the matrix which implies that the displacements and the tractions are continuous across 
the circular boundary (adhering interface). Dundurs and Gangadharan (1969) revisited the problem 
considering a slipping interface across the inclusion boundary which implies that no tangential 
tractions are transmitted between the two regions while the normal displacements and tractions are 
continuous across the boundary.  
In this work we consider the case of the adhering interface. The force exerted on the dislocation 
due to the presence of the inclusion depends on the orientation of the Burgers vector. For edge 
dislocations ( ), 0xb=b  and ( )0, yb=b , the corresponding expressions are respectively 
 
( ) ( )( ) ( ) ( )
( ) ( )( ) ( )
( )( )
2 2
21
32 2
1
2 2
1
32 2
1
2 1
2 1 ,
1 1 1
1 12 1 1
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2 1 21 1 1
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x x
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x y
b
F b
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b
F b
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m a b a b a b ep k b e e
a bm a b a b a b ep k b e e
ì üï ïï ï+ï ïé ù= + + - +í ýê úë ûï ï+ - -ï ïï ïî þì üé ùï ï- +ï ï+ + ê úï ï= - - -í ýê úï ï+ -+ - - ê úï ïë ûï ïî þ
 (48) 
 
where d Re =  and the parameters a andb  are given by Eq. (46) (Dundurs, 1969). 
The sign of the force is again dependent on the material properties of the two regions. However, for 
certain material combinations there exists a position in the matrix at a finite distance from the 
interface where no force is exerted on the dislocation. We have investigated and verified this 
behaviour. Following the geometry convention, positive values of the force correspond to repulsion of 
the dislocation from the inclusion and negative values to attraction to it. It is also noted that Eqs. 
(48) yield Eq. (47) as a limiting case. 
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The two material combinations of Section 3.2 were considered, ( )0.6, 0.2a b= =  and 
( )0.4, 0.2a b=- =- , which are expected to produce a repulsive and an attractive force 
respectively. We also consider two dislocation configurations ( ), 0xb=b  and ( )0, yb=b . The 
rectangular mesh used in this problem consisted of about 40,000 4-noded elements with no special 
refinement around the core or in the bimaterial region. The results for the two material combinations 
and the two dislocation orientations considered are shown in Fig. 19. The left graph depicts the 
behaviour of the dislocation ( ), 0xb=b  and the right graph of the dislocation ( )0, yb=b . The 
positive values of the force represent attraction of the dislocation to the inclusion and the negative 
repulsion. The prediction for the force signs and the force magnitude dependence on the Burgers 
vector orientation is verified. In all cases, the numerical results are in very good agreement with the 
theoretical prediction. 
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Fig. 19: Comparison of the normalized force variation predicted by our methodology to the analytical solution 
for two material combinations for an edge dislocation ( ), 0xb=b in the left and an edge dislocation ( )0, yb=b in 
the right. 
 
Accordingly, it is worth investigating the stress fields for various material combinations. The 
stress fields show a significant variation depending on the material properties of the two regions, 
giving rise to concerns about the mechanical integrity of the solid. The interaction between the 
dislocation and the inclusion may lead to fracture of the inclusion or debonding between the matrix 
and the inclusion. These phenomena would cause loss of strength or loss or stiffness of the solid. On 
the other hand, the presence of inclusions may serve as a dislocation locking mechanism. 
3.4. An edge dislocation near a circular hole 
 
A limit case of the problem studied in the previous section is the interaction of a dislocation and a 
void. The force exerted on the dislocation can be derived from Eqs. (48) by setting 
( )1.0, 0.5a b=- =-  
 
( ) ( )
( )
( ) ( ) ( ) ( )
2 22
11
3 2 2
1 1
2 2 1 2
,       
1 11 1
yx
x x x y
bb
F b F b
R R
e mm
p k p ke e e e
-=- =-+ +- -  . (49) 
 
An obvious observation is that the force is always attractive towards the hole and its orientation 
dependence is preserved. 
Kienzler (2007) has presented the J integral components for the same problem which represent the 
configurational force components. An edge dislocation ( )0, yb=b is considered at an arbitrary angle 
j  to the hole (Fig. 20). The radius of the inclusion is denoted by R and the distance from the 
dislocation to the centre of the hole by d. 
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Fig. 20: Geometry of an edge dislocation near a circular hole. 
 
 
The J integral components are given by the formulas 
 
* 2 * 2
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1 2 sin ,       2 sin
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J J
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j jj jp e e p e e
æ ö æ ö÷ ÷ç ç÷ ÷= - + + =- +ç ç÷ ÷ç ç÷ ÷ç ç- -è ø è ø  , (50) 
where ( )* 21E E n= - , E is the Young’s modulus, n  is the Poisson’s ratio and d Re = . 
The expression for the M integral is provided by the same author. Selecting as point of reference the 
centre of the hole, we have  
 
* 2
2
2 2
1
1 sin
4 1
E b
M jpe e
æ ö÷ç ÷= + + +ç ÷ç ÷ç -è ø  .  (51) 
 
If D
i
J  are the J integral components calculated at the dislocation, it stands true that 
 
0D D
x x y y
M J Jx x+ + =  .  (52) 
 
For the implementation of this case to our methodology, we used the mesh of the previous 
section considering firstly the cases of ( ), 0xb=b  and ( )0, yb=b  at 0degj =  in an isotropic 
matrix of tungsten. Due to symmetry, the previous cases are equivalent to ( )0, yb=b  and 
φb
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( ), 0xb=b  at 90degj =  respectively. Then, we examined the J integral variation for an edge 
dislocation ( )0, yb=b  at various angles and a distance 2d R= . 
We present the results of this investigation in Fig. 21. On the left graph we plot the analytical 
solutions and the numerical results for the two dislocation orientations. The continuous line depicts 
the analytical solution for ( ), 0xb=b  and the dashed line the analytical solution for ( )0, yb=b . The 
numerical results for the previous cases are denoted by the square and cross symbols respectively. We 
observe that the force is always attractive as predicted and the values of the numerical results are in 
excellent agreement with the theoretical prediction. The force is stronger than in the inclusion problem 
and there is a remarkable difference between the results of the two orientations as well. On the right 
graph, the configurational force variation with respect to the angle j  is depicted. Again, the 
convergence of the numerical results is satisfying. The results are plotted based on the force sign 
consideration (positive values correspond to attraction and negative to repulsion). It should be noted 
that the maximum force component is observed at 90degj =  which corresponds to glide motion of 
the dislocation towards the void. Using the numerical results for the J integrals, we may employ Eq. 
(52) to calculate the M  integral at the centre of the hole. In Fig. 22, we compare the results based on 
the analytical expression (51) to those obtained based on the J integrals results. As expected, the 
numerical results verify the analytical expression. 
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Fig. 21: (left) Comparison of the normalized force variation predicted by our methodology to the analytical 
solution for two dislocation orientations. (right) normalized J integral variation with respect to the angle j . 
 
 
 
Fig. 22: Comparison of the normalized M integral variation predicted by J integral results to the analytical 
solution. 
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3.5. Dislocation dipoles in infinite isotropic domain 
 
In this section, the implementation of dislocation dipoles in our methodology is discussed. A 
dislocation dipole is a pair of opposite sign dislocations separated by a distance. A horizontal dipole of 
climb dislocations in an isotropic infinite medium produces the following stress field (Weertman, 1996) 
 
( )
( )
( )
2
2
2
cos 4 ,
2 1
(2cos2 cos 4 ) ,
2 1
(sin2 sin 4 ) ,
2 1
y d
xx
y d
yy
y d
xy
b w
r
b w
r
b w
r
ms qp n
ms q qp n
ms q qp n
= -
= --
=- --
 (53) 
 
where 
d
w  is the distance between the two discrete dislocations and ( ),r q  are the polar coordinates 
having as origin the midpoint of 
d
w . The quantity 
y d
b w  is called strength or intensity of the 
dislocation dipole.  
The modelling of dislocation dipoles is based on the superposition of two discrete dislocations. 
Following from Fig 2b, a horizontal dipole of climb dislocations is modelled by a temperature 
distribution assigned to a strip of nodes of length equal to the distance 
d
w . For the implementation of 
this problem to our methodology, we used a rectangular mesh of 2,000 4-noded elements. In Fig. 23 we 
compare the normal 
xx
s  and shear 
xy
s  stress fields reproduced by our methodology to the analytical 
solution (the left part of each figure corresponds to the numerical result and the right to the exact 
solution). The numerical solution is in very good agreement with the analytical formula both 
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qualitatively and quantitatively. The extension of these results to anisotropic crystals is 
straightforward. 
 
    
 
Fig. 23: The normalized normal 
xx
bs  (left) and shear
xy
bs  (right) stress fields for a horizontal climb 
dislocation dipole in an infinite isotropic medium. The isocontours range is ( )0.10 0.10   Pa/m- ¸ . The left 
part of the figures is the numerical solution and the right the analytical solution. 
 
 
4. Conclusions 
 
In the present work, we have presented a methodology for the analysis of edge dislocations in 
anisotropic crystals using the finite element implementation of a thermoelastic problem. Our approach 
does not depend on any analytical solution and does not require the computation of image stresses. 
The configurational forces evaluation was related to the energy release rate and the conserved 
integrals J and M. A numerical method for calculating the M integral was proposed and used as 
convergence criterion for the FEM analysis. Further, some recent ideas about the elimination of the 
stress singularity at the dislocation core were considered and incorporated in the method (a detailed 
work on this subject will be presented in a forthcoming work). Several existing analytical solutions for 
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different geometries were verified and extended with anisotropic results. The solution’s convergence 
was satisfying in all cases and the results converge for similar configurations in different scales for 
relatively coarse meshes. Overall, the proposed methodology does not intend to reject or replace the 
existing superposition models in their current applications but to present a way to treat new 
applications involving material interfaces and inclusions, which are difficult for the existing methods. 
Mesh optimisation was not attempted at this stage since the computational cost of all simulations is 
low and the results are obtained very fast. The method can be extended to study the fields of moving 
dislocations and will be presented in future work. 
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